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1.INTRODUCTION

Contractive  type  mapping and
corresponding fixed or common fixed point
theorems and their applications given by many
researchers. Bellman [6] studied the existence of
solutions for some classes of functional equation
arising in Dynamic programming. Bellman and
Lee [7] gives the basic form of functional
equations in Dynamic programming as follows:
f(x) = yoé)tDH{x, y, f(T(x, y))}, ¥XES (1.1)
Where opt represents sup or inf,x and y denotes
the state and decision vectors respectively, T
stands for the transformation of the process and
f(x) represents the optimal return function with
the initial state x. After Bellman, many researcher
Baskaran and Subrahmanyam [8], Bhakta and
Choudhury [4], Bhakta and Mitra [5], Chang and
Ma [9], Liu [11]-[14], Liu, Agarwal, and Kang
[15], Liu and Ume [19], Pathak and Fisher [3],
Zhang [10]

uniqueness of solution and common solution for

investigate the existence and

some kinds of functional equations and systems
of functional equations.

Ray [1] established two common fixed point
theorems for the following self mapping
f,g and h in a complete metric space(X, d):

d(fx, gy) < d(hx, hy) — w(d(hx hy)) ¥xy€X
Liu [11], introduced and studied a class

contractive type mapping as:

d(fx, gy)
< max{ d(hx, hy), d(hx, fx), d(hy, gy)}
— w(max{ d(hx, hy), d(hx, fx), d(hy, gy)})
¥xy€X
Z. Liu, L. Wang, H. K. Kim and S. M. Kang [22],
proved some common fixed point theorems for
contractive type mappings for three self mapping
as follows —
d(fx, gy)
< maxifd(hx, hy), d(hx, fx), d(hy, gy),% [d(hx, hy)
d(hx, fx)d(hy, gy) d(hx, fx)d(hy, gy)
+d(fx gy)], ;
1+ d(fx, gy) 1 + d(hx, hy)
—w(max{d (hx, hy), d(hx, fx), dhy, gy),

1

d(hx, fx)d(hy, gy) d(hx, fx)d(hy, gy)
1+d(fx,gy) ~ 1+d(hx hy)
vXxy€EX

D,

J. Li, M. Fu, Z. Liu and S. M. Kang [21] proved
some common fixed point theorem for

contractive type mappings as follows:

d(fx, gy)
< maxi#$d(fx, tx), d(gy, hy), d(hy, tx)
1 d(fx, tx)d(gy, hy)
, E [d(fX, hy) + d(gy, tX)], m,
d(fx, hy)d(gy, tx) d(fx, hy)d(gy, tx)
1+d¢hy,tx) * 1+ d(fx, gy) }
—W(maxifd(fx, tx), d(gy, hy), d(hy, tx),
1 d(fx, tx)d(gy, hy)
> [d(fx, hy) + d(gy, U)]'m'
d(fx, hy)d(gy, tx) d(fx, hy)d(gy, tx)
1+d(hy,tx) ~ 1+ d(fx gy)

D ¥xy€EX
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In this paper we give some sufficient
conditions for existence and uniqueness of

common fixed point on complete metric space
X, d):
d(fx, gy)
< maxil d(fx, tx).d(gy, hy)  d(fx, hy).d(gy, tx)
- “d(fx, hy) + d(hy, tx) ’d(fx, gy) + d(hy, tx)’
d(fx, hy).d(gy, tx)  d(fx, tx). d(hy, tx)
d(fx, hy) + d(fx, tx) "d(gy, hy) + d(gy, tx)’
d(gy, hy). d(hy, x)
d(fx, gy) + d(fx, hy)
. d(fx, tx).d(gy, hy
~Wmax e hy) + dthy, 0
d(fx, hy).d(gy, tx)  d(fx, hy).d(gy, tx)
d(fx, gy) + d(hy, tx) "d(fx, hy) + d(fx, tx)’
d(fx, tx).d(hy,tx)  d(gy, hy).d(hy, tx)
dCgy. hy) + d(gy, 00 ' (P, gy) + (P hy))
¥ X,y € X,where § = {W:R" - R* is a continuous

function
such that 0 < W(r) < r forall
r € RT{0}},RT =[0,), R = (—o0,0).

2. MAIN RESUTS

Theorem 2.1 Let (X,d) be a complete metric space
f,g,h and t be four continuous mapping from X into
itself satisfying ft = tf, gh = hg, f(X) € h(X)

and g(X) € t(X).If there exist W € @ satisfying,
d(fx, gy)

-, d(fx, ). d(gy, hy)
< maxi{i )
d(fx, hy) + d(hy, tx)

d(fx, hy).d(gy,tx)  d(fx, hy).d(gy, tx)
d(fx, gy) + d(hy, tx) " d(fx, hy) + d(fx, tx)’

d(fx, tx).d(hy,tx)  d(gy, hy).d(hy, tx)
d(gy, hy) + d(gy, tx) " d(fx, gy) + d(fx, hy)

... d(fx, tx).d(gy, hy

~WmaX e ) + dthy, 00

d(fx, hy).d(gy,tx)  d(fx, hy).d(gy, tx)
d(fx, gy) + d(hy, tx) "d(fx, hy) + d(fx, tx)’

d(fx, tx).d(hy,tx)  d(gy, hy).d(hy, tx)
dCey. hy) + d(gy, ©0 ' d(P,gy) + d(fx hy)))
then f, g, h and t have a unique common fixed point

in X.

Proof- Let x, be an arbitrary point in X.Since
f(X) € h(X) and g(X) € t(X). It follows that there
exist two sequence {y,},>; and {x,},> such that
Yan+1 = fXon = hXpp4q for n >0 and yz, = gxop—1 =
tx,, for n > 1. Define d, = d(y,,ya,41) for n > 1.

We first show that

dyy <d, —W(,), ¥n=>1. (2.2)
Letn > 1, by eq.(2.1) for x = X5, and y = Xp,41,

We have

d(fXZH' gX2n+1)
< maxif d(fxzp, tXzn)- d(gX2n 41, hX2n41)
- d(fXzn, hxon 1) + d(hxgn 41, t%,)
d(fxz, hxon 1) d(@Xan 11, tX20)
d(fXZH' gX2n+1) + d(hX2n+1ltX2n) '
d(fxan, hXopn41). d(€Xon 41, tX2n)
d(fXZn' hX2r1+1) + d(fXZn' tXZn) '
d(fxan, tXzn). d(hxgn 41, tXopn)
d(gXzn11, hXzn41) + d(gXan 41, tXzn)
d(gxant1, hXon41)- d(hxgp 41, &X35)
d(fXva gX2n+1) + d(fXva hX2r1+1)
e d(fxzn, tXzn). d(gX2n 41, hXn41)
“d(fxzn, hxpn 1) + d(hxgn4q, X))
d(fXZHr hX2n+1)- d(gX2n+1r tXZn)
d(fXzn, gXon+1) + d(hxgy 1, tXp,)
d(fXZH! hX2n+1)- d(gX2n+1! tXZn)
d(fxzn, hxzp41) + d(fxy, tp,)
d(fxzn, txan). d(hXzn 41, tXon)
d(gx2n+1r hX2n+1) + d(gX2n+1'tX2n) '
d(gxzn 41, hxzn11). d(hxpn 11, ton)
d(fxzn, 8%2n+1) + d(fxan, hXzn11)
_ o d02n+1,Y20)- d(¥2n12, Y2n+1)
= max{f ,
d(Yzn+1,Yzn+1) + d(Yans1,Y2n)
d(Y2n+1,Y2n+1)-d(Y2n12,Y2n)
d(Y2n+1J y2n+2) + d(Y2n+1t YZn) ’
d(Yan+1,Yans1)- AV2n 42, Y2n)
d(fXZW hX2n+1) + d(fXZH! tXZn) '
d(Y2n+1,Y2n)- A¥2n+1,Y2n)
d(Y2n42,Yzn+1) + d(Yani2,Y2n)
d(¥ant2 Yan+1)- d(V2n+1,Y2n)
d(Y2n+1,Y2n+2) + A(Yan+1, Yon+1)
—W(maxif: d(yant1Yon)-A(Yant2,Y2nt1) ,
d¥2n+1Y2n+1) + 2041, Y2n)
d(Y2n+1,Y2n+1)-d(Y2n12,Y2n)
d(Y2n+1J y2n+2) + d(Y2n+1t YZn) ’
d(¥Y2n+1,Y2n+1)- d(Y2nt2,Y2n)
d(fXZn' hX2r1+1) + d(fXZn' tXZn) '
d(Yzn+1,Y2n)- AV 2n+1, Y2n)
d(Y2n+2,Yzn+1) + d¥2ns2,¥20)
d(Yzn+2:Y2n+1)-d(Y2n+1,Y2n)
d(¥an+1 Yant2) + d(V2n41, Yon+1)

—W(ma

d2n+1
d,,.d
< maxifi—=—2*1 9 0,
dgp.1)
d2n- d2n d2n+1- dZn
dons1 +dYan42:Y20) * donta
dZn- d2n+1 ,0 ) 0'
dZn
dZn- dZn d2n+1- d2n
dons1 +d(Van42,Y20) * donta
dZn- dZn
= maxid ,0,0, ,d }
{ antt dan+1 + d(Y2n+2,Y2n) an
dzn+41.0,0,
—W(max dap-day d )
dont1 + dG2nt2 V20) 2"

dZn- dZn
= max]d ,0,0, ,d }
{ antt dont1 + dGant2 y2n) - 2"

—W(max
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—W(max dap.day

dant1 + d(Yans2, Yan)
= max{dz11,d2n} — W(max{dan 41 ,dz0}) (2.3)
Suppose that d;,;1 >dp, for some n=1 Then

'dZn )

from eq. (2.2),
doni1 < donpt — W(dzp41) < doniq, a contradiction.
Hence we have djy, 1 < dj,
And so dyp4q < dpy —W(dy,), foralln > 1.
Consequently we get, dy, < dp,—1 — W(dy,—1) for
alln > 1.
Hence eq. (2.2) holds. Therefore the series of non-
negative terms Y7, W(d,) is convergent.
Hence lim,_..W(d,) =0 , Since {d,}, is a non-
negative decreasing sequence, it converges to some
point p. By the continuity of W we have,

W(p) = limW(d,) =0,
Which means that p = 0.Hence rlll_r)r; d, =0.

Now next we show that {y,},>; is a Cauchy
sequence, it is sufficient to show that {y,,},>; is a
Cauchy sequence. Suppose that {y,,},>1 is not a
Cauchy sequence. Thus there exists a positive
number € such that for each even integer 2k, there
are even integer 2m(k) and 2n(k) such that

d(Y2mao Y2nao) > € 2m(k) > 2n(k) > 2k.
for each even integer 2k, let 2m(k) be the least even
integer exceeding 2n(k) satisfying the above
inequality, so that
d(Yam@0-2:Yan@) < €, d¥2m) Yono) > € (24)
It follows that for each even integer 2k,

d(Yam @0 Y2n00) < A(Yznar Yam@o—2) + d2mao—2

+ dam(0)-1
Using eq. (2.4) and above inequality we deduce that
limy e d(Y2m (o Y2n ) = € (2.5)

By the triangle inequality we get for each even
integer 2k

[d(Y2n 00 Yamao-1) = d(¥2n k) Y2m0)| < d2m@o-1

|d(YZn(k)+1IYZm(k)—1) - d(YZn(k)!YZm(k))l
< dzm@-1 + d2no
and
|d(y2n00+1: Y2ma0) = d(¥2mao, Yanao)| < d2nao

from eq.(2.5), we get

€

= lim d(y2n ) Y2m@-1)

=1£i_1}30d(YZn(k)+1vYZm(k)—1) = limd(y2n0+1, Yam o))

koo
Again from the eq. (2.1)

d(Y2n00» Y2m) < d2ny + d(X2n ) 8X2m 0-1)

< dang)

T maxif d(fX2n 00, B2n (0 )- A(8%2m 10-1 NXam a0 1) ’
d(fx2n 40, DXomo-1) + d(hXzm -1, Xan o)

d(x2n 9, Xom 9 -1)- A(8%om 01, Ban )
d(fx2n00, 8¥2mi0-1) + d(hXzm 01, Kango)
d(fX2n 10, hXom0—1)- A(8%2m (-1, X2na0))
d(fX2n 10, hXomao-1) + d(fX2naoy Xona)
d(fX2n a0 Xz o) - d(hXom o -1, X2nao)
d(8%2m0-1, BXam0-1) + d(8Xam 0-1, Konao)
d(ngm(k)q, hXZm(k)il). d(hXZm(k)fl, tXZn(k))
d(fxan oy, 8X2m 10-1) + d(fxzn 0 Xomay-1)
_W(maxf:{jdd(fxzn(k)' BX2n00)- d(8Xzm d0-1 MXama0-1) )
(fXZn(k).hXZm(k)—l) + d(hXZm(k)—l'tXZH(k))
d(szn(k). hXZm(k)—l)- d(gXZm(k)—1. tXZn(k))
d(fx2n a0, 8%2ma0-1) + d(hXom g0)—1, X2nao))
d(fXZn(k); hXZm(k)—l)- d(gXZm(k)—1. tXZn(k))
d(fX2n g0y hXomao—1) + d(Fznao Xanao)
d(fX2n a0 Xon))- d(hXZm(k)—L Xon())
d(gXZm(k)fl, hXZm(k)fl) + d(gXZm(k)q.th“(k)) )
d(8%2m (0)—1, BX2m 0)—1) - d(hX2m 10— 1, Kangiy)
d(fx2n (0 8%2ma0-1) + d(FXzn ), hXamao-1)
= max{ d(Y2na0+1 Y2000)- A(Y2m @) Y2mao-1) |
d(Y2000+1> Y2mao-1) + A(Y2mao-1, Yznao)
d(Y2n0+1, Yamao-1)- d(Y2m ) Yan )
d(YZn(k)+1: YZm(k)) + d(y2m(k)—1, YZn(k)) ,
d(Y2n 0 +1 Y2m9-1)- 4(¥2m @0 Yan o))
d(y2na0+1, Yamao-1) + A(¥ano+1Ynw)
d(Y2na0+1 Y2n00)- A(Y2m 01, Y2n o)
d(Yamo»Yamao-1) + d(yamao Yanao)”
d(Y2may Yzm)-1)- AVamt9-1 Yana))
d(y2n00+1, Y2mao) + d(Y2na0+1> Y2mo-1)
—W(maxiﬁ‘{fd d(Y2n(0+1, Yan ) (Ym0, Yamao-1) '
(Yzn@o+1, Yamao-1) + d(Yamao-1 Y2n@w)
d(Y2na0+1: Y2mo-1)- 4(¥Y2m@» Yan o)
d(YZn(k)Jrl' Yzm(k)) + d(YZm(k),l, YZn(k)) )
d(¥2n00+1: Y2m0-1)- 4(¥2m@o» Yan o)
d(YZn(k)+1'y2m(k)—1) + d(YZn(k)H»YZn(k)) ,
d(Y2n00+1Y2000)- A(Y2m (-1 Yan )
d(YZm(k)r Y2m (k)—l) + d(y2m(k), YZn(k)) ,
d(Yzm o Yamt0-1)- (Ym0 -1, Yango)
d(Y2na0+1, Yamao) + 4(Vango+1, Yam@o-1)

as k — oo,we infer that

€ ¢ € €2
€ <max3{0,— ,—,0,0 = W{ max40,— ,— ,0,0
2€ € 2€ €

€e<e—W(e)

From the above we have W(e) <0. This is a
contradiction. Thus {y,},>; is a Cauchy sequence.
Therefore {y,},>; converges to a point z € X by
completeness of X.

It follows that

lim fx,, = lim hxy,41 = lim gxp,41 = limtxy, =z
n—oes noeo noeo noeo

By the continuity of h, f,t and g, and ft = tf,hg = gh,
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Now for any n > 0, From eq. (2.1),
d(tfxan, hgxon 1) = d(ftxzn, ghxzn 1) d(fxzn, hgxan 1) = d(fxzn, ghxon41)
< o, A(ftxpn, tXpy). d(ghxan 41, hhxXgp 1) o, d(fXzn, tXon)- d(ghXzn 11, hhxpn41)
< maxi , < maxi ,
d(ftXZH! th2n+1) + d(th2n+1' ttXZn) d(fXZn' hl’1X2n+1) + d(th2n+1r tXZn)
d(ftxzy, hhxyp11). d(ghxo, 41, tX2n) d(fxzp, hhxyp 4 1). d(ghXo, 11, ton)
d(ftxzn, ghxgn 1) + d(hhxy, 4, ttxg,) d(fxzn, ghxgn 1) + d(hhxy, 4, tx5,) "
d(ftxzy, hhxyp41). d(ghxo, 41, t2n) d(fxzp, hhxyp 4 1). d(ghXo, 11, ton)
d(ftxn, hhxzn 1) + d(ftxan, ttxa,) d(fxzn, hhxan 1) + d(fxon, tXzn)
d(ftXZHr ttXZn)- d(th2n+1r ttXZn) d(fXZH! tXZn)- d(thZH +1/ tXZn)
d(ghxzp 41, hhx, 1) + d(ghxgy 41, t¥p,) d(ghxzp 41, hhxz, 1) + d(ghxgy 41, tX2n)
d(ghxzp +1, hhxy, 41). d(hhxy, 44, ttxa,) d(ghxzy 41, hhxy, 11). d(hhxy, 44, tXo0)
d(ftxzp, ghXan 41) + d(ftxg,, hhxgn 1) d(fxzn, ghxXgn 1) + d(fxzy, hhxo,41)

—W(max"“‘ d(fXZn' tXZn)' d(ghx2n+1! th2n+1)

o, d(ftxay, ttX;y ). d(ghxzp 41, hhX2p 1) .
“d(fxan, hhxpn 1) + d(hhxg, 4, txp,)

—-W &g )
(max “d(ftxy, hhxpp41) + d(hhxg, 1, thxp,)

d(ftxzy, hhxyp11). d(ghxgn 41, txz,) d(fxzn, hhxpp41). d(ghxy, 11, ©X20)
d(ftxzn, ghxgn41) + d(hhxg, g, ttxg,) d(fXzn, ghxgn41) + d(hhxy, 1, t%5,)
d(ftxzy, hhxyp11). d(ghxgn 41, txz,) d(fxzn, hhxpp11). d(ghxy, 11, ©X20)
d(ftxzy, hhxp, 1) + d(ftxan, ttxg,) d(fxzn, hhXpn 1) + d(fxop, tXzq)
d(ftxgy, ttxgy ). d(hhxy, 4, ttxp,) d(fxzy, txo). d(hhxy, 11, t3,)
d(ghxzp 41, hhxy 1) + d(ghxgp 41, thXpp) d(ghxyn .41, hhxpp 1) + d(ghxgy 41, tX2n)
d(ghxzn 41, hhxy 1), d(hhxy, 4, ttxp,) d(ghxzp 41, hhxgp41). d(hhxy, 4, tx2,)
d(fthn, ghX2n+1) + d(ftXan th2n+1) d(fXZHI ghX2n+1) + d(fXZn! th2n+1)
Asn — o, we get Asn — o, we get
d(tz, hz) d(z, hz)
_d(fz,tz).d(gz,hz)  d(fz, hz).d(gz, tz) d(z,hz).d(z,hz) d(z hz).d(z hz)
< max , , < max40, , ,0,
d(fz, hz) + d(hz, tz) ' d(fz, gz) + d(hz, tz) { d(z, hz) + d(z, hz) d(z, hz) }
d(fz,hz).d(gz,tz)  d(fz tz).d(hz, tz) d(z, hz).d(z,hz) d(z, hz).d(z, hz)
d(fz,hz) + d(fz, tz) " d(gz, hz) + d(gz, tz)’ ~ Wimax {O'd(z, D) tdahe) dhy }

d(gz, hz).d(hz, tz) — W(max d(fz, tz). d(gz, hz) ' d(z hz) < d(zhz) — W(d(z, hz))
d(fz, gz) + d(fz, hz) d(fz, hz) + d(hz, tz)
d(fz,hz).d(gz,tz)  d(fz,hz).d(gz, tz)
d(fz, gz) + d(hz, tz) ’ d(fz, hz) + d(fz, tz)’
d(fz,tz).d(hz,tz)  d(gz hz).d(hz,tz)
d(gz, hz) + d(gz, tz) ' d(fz, gz) + d(fz, hz)
d(tz, hz)
_d(tz,tz).d(hz,hz)  d(tz hz).d(hz tz)
= max:{.‘d(m hz) + d(hz, tz) ' d(tz, hz) + d(hz,tz)’ ,
d(tz, hz). d(hz tz)  d(tz, tz). d(hz, tz) dﬁff’;;“' ht’;)z( o ) dthi(ff"“'tg’”;)
d(tz, hz) + d(tz,tz) ' d(hz, hz) + d(hz, tz)’ d(gx2n+21r,“hxzjil.) n d(zgn;;];“,i;xh) ,
dd(?zl’zl‘llzl)z )+dd( Eltzz” chZ))} - W(max{d(zg’zi]tzz))fgﬁ: 2) , d(gXan+1, hXon41). d(hxgn 41, thap)

d(tz,hz).d(hz,tz)  d(tz, hz).d(hz, tz) d(;f(xf?n, gXthn+1; ;(d(ffxzn’ EXZ““%
d(tz, hz) + d(hz, tz) ’d(tz hz) + d(tz, tz)’ —W (maxifi Xen, TXon ) BUEX2n+1, Xon+1 ,
d(ffxzn, hxani1) + d(hxgn g, thoy)

d(tz,tz).d(hz,tz)  d(hz hz).d(hz, tz) Al b d {
d(hz, ho) + d(hz,tz)’ d(tz hz) + d(tz, he)) (ffxzn, hXon 1) d(8Xan 11, Han)

Which implies that z = hz. Similarly we get
d(ffxzn, 8Xzn+1)
< maxif d(ffxzn, Xy ). d(gX2n 41, hXon 1) '
d(ffxyn, hxpn11) + d(hxzn g, txo,)
d(ffxzn, hxz511)- d(gXon 41, ton)
d(ffXzp, gXon41) + d(hxg, g, thig,)
d(ffxzn, hxz511)- d(gXon 41, tan)

d(tz, hz) d(ffXon, gXon41) + d(hxgn g, thiy,)
' d(tZ hZ). d(hZ tZ) d(ffXan hX2n+1)' d(gx2n+1r thZn)
< max {0, W, d(tz, hz), 0.0} d(ffxyp,, hxop 1) + d(ffxop, tfxy,) ’
d(tZ };Z) d(hZ tZ) d(ffXva thZn)- d(hX2n+1v thZn)
-W <max {O,W, d(tz, hz), 0,0}) d(gXzn+1, hXon41) + d(gXon 11, th,) |
’ d(gX2n+1, hXgn 1) d(hxop 41, toy) vn >0
d(tz,hz) < d(tz, hz) — W(d(tz, hz)) (g, 8ome1) + A(fgn, hXpn 1) =
Which gives that tz = hz. Asn — o, we get

Herewehave
d(tfxzn, hgXn 1) = d(ftxzy, ghxon 1), ¥n=0.
As n—- e, then we have d(fz gz) = d(hz,tz).

hence fz = gz.
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d(fz,z)
d(fz, z)

< max {O, ,d(fz, z), 0,0}

-W <max {O, d(fz 2) d(fz,z), 0,0})

>
d(fz,z) < d(fz,z) — W(d(fz,2))
Which means that, z = fz.

Hence from above we have, z = fz = gz =tz = hz.
So zis a common fixed point of f,g, h and t.
Uniqueness - If v is another common fixed point of
f,ghand tinX
Then we have,

d(z,v) = d(fz,gv) < d(zv) — W(d(z, V)) <d(z,v)
Which is a contradiction. This completes the proof.
Application
Let X and Y be a Banach space ,S € X be the state
space and D € Y be the decision space and iy be the
identity mapping on X. B(S) denotes the set of all
real-valued bounded functions on S. Put
d(f, g) = sup{|f(x) — g(x)|:x € S}

It is obvious that (B(S), d) is a complete metric
space.

Defineu:SxD - R, T:SXxD - Sand H;:SXD X
R - Rfori € {1,2,3,4}.

Now we study those conditions, which is guarantee
the existence and uniqueness of solution and
common solution for the following system of

functional equations.

fi(x) = yszpD (U(X. y) +H (x, v (T, y)))} ¥XES,i
€ {1,234} (3.1)

Theorem 3.1 -If the following conditions are
satisfied
(@ wuand H; are bounded fori € {1,2,3,4}
(b) There exista W € @ and the mapping
Ay, Ay, Az and A, are defined as follows,
vx €S,g; € B(S),i € {1,2,3,4},
A0 = ¢ pluGey) + Hi(o g (TCo )
Satisfying
[Hi(x,y,8(t)) — Hz(x,y,h(D)]
< max® d(A;g,A4g).d(Azh, Azh) :
d(A;g Azh) + d(Azh, Asg)
d(A1g Azh).d(Azh,Ag)  d(Ag Azh).d(Azh, ALg)
d(A1g Ash) + d(Azh,Asg) "d(A1g Azh) + d(A;g,Asg)
d(A1g A.g).d(Azh,Ayg)  d(Ayh,Azh).d(Ash,A.g)

d(Azh, A3h) + d(Azh, A4g) ’ d(Alg, Azh) + d(Alg, A3h)

. d(A1g A48). d(Azh, Azh)

—W(maxi{: ,
d(A;g Azh) + d(Azh, Ag)

d(A;g Azh).d(Azh, ALg) d(A,g Azh).d(Azh, ALg)

d(Alg, Azh) + d(A3h, A4g) ’ d(Alg, A3h) + d(Alg, A4g)

d(A1g A4g).d(Ash,Ayg)  d(Azh, Azh).d(Azh,A.g) )
d(Azh, A3h) + d(Azh, A4g) ’ d(Alg, Azh) + d(Alg, Agh)

for all (x,y) € SxD, gh€eB(S),teS
©) A(B(S)) € A3(B(S)),A2(B(S)) € A4(B(S))
(d) There exist some A; € {A{,A,, A3, Ay} such
that for any sequence {h, },» € B(S)
and h € B(S),

. su
lim *&lhy (60 ~h(0l = 0

n
= lim *PIAih, (0 = ARGl = 0
(6) A1Ay = AlA) Az = A3Ay
Then the system of functional equations
(3.1) has a unique common solution in B(S).
Proof - It follows from eq. (a)-(d) that
A1,A; ,Azand A, are continuous self mapping of
B(S). For any gh €B(S),x€ Sande > 0,there
existy,z€D

Alg(x) < u(X' Y) + Hl (X' V4 g(T(X' Y))) +E€
(3.2)

A,h(x) < u(x,z) + H, (X, z, h(T(X, z))) +€
(3.3)
Here we have

Aig(x) = u(x,z) + Hy (x, z,g(T(x, z))) (3.4)

A,h(x) = u(x,y) + H, (X, y, h(T(X, y))) (3.5)
It follows from eq.(3.2),(3.5) and (b)

A18() — Ah() < Hy (xy,8(TGy)) -

H, (x, y,h(T(x, y))) +€ (3.6)
< max(T d(A;g,A4g).d(Azh, Azh) ) d(A;g Azh).d(Azh, ALg) ,

d(A1g Ash) + d(Aszh,A.g) "d(A,g Azh) + d(Azh, Asg)

d(A;g Azh).d(Azh,ALg)
d(A;g,Azh) + d(Ag Asg)’
d(Aig A4g).d(Ash,Asg)  d(Azh,Ash).d(Azh,Aug)
d(A,h,Ash) + d(Azh,Ag) "d(A;g Ayh) + d(A g Ash)
_W(maxif d(A1g A4g).d(Azh,Azh)  d(A;g Azh).d(Azh,ALg)
d(A;g Azh) +d(Ash,Aug) "d(A;g Azh) + d(Azh, Agg)’
d(A1g,Ash).d(Ah,ALg)  d(A1g,ALg).d(Ash,Asg)
d(A,g,Ash) +d(A1g ALg) "d(Azh, Azh) + d(Azh, Asg)’
d(A,h,Aszh).d(Aszh,ALg)
dCA1g Ash) + d(Ag Ash)) €
From eq.(3.3),(3.4) and (b),
A1g(x) — A;h(%)
> H; (x, z,g(T(x, z))) —H, (X, z,h(T(x, z))) —€ (3.7)
> —maxif d(A1g,A4g).d(Azh,Azh)  d(A;g Azh).d(Azh,Asg)
d(A1g,Azh) + d(Ash,Asg) "d(A;g Azh) + d(Azh,ALg)’

d(A1g Ash).d(Azh,Asg)  d(Ag Asg).d(Ash,ALg)
d(A1g,Azh) + d(A;g Asg) "d(Azh, Ash) + d(Azh, ALg)’
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d(Azh, A3h) d(A3h, A4g)
d(Alg, Azh) + d(Alg, A3h)
T d(Al g A4—g) d(AZh! A3h)

—W(max

d(A;g,Ash).d(A;h, A,g)

[3] H. K. Pathak and B. Fisher, Common fixed point
theorems  with  applications in  dynamic

programming, Glasnik Mate. 31 (1996), 321-328.

d(A;g,Ash).d(Azh, Ag)

d(Ag Ash) + d(Ash, Asg) "d(Asg Aoh) + d(Ash, A,
d(A;g Asg).d(Ash, Aug)

d(Alg, A3h) + d(Alg, A4g) ’ d(Azh, A3h) + d(Azh, A4g) ’

d(Az h, A3 h) d(A3 h, A4g) })
—€
d(A1g Azh) + d(A;g Azh)
Again from eq. (3.6) and (3.7) we get

su
d(Arg Azh) = *PilAg() = Ah(9)]

(3.8)
< max® d(A;g A.g).d(Azh, Ash) '
d(A1g Ash) + d(Ash,A.g)
d(A;g,Azh).d(Azh,Asg)  d(A19,Azh).d(Azh, AsQ)
d(A;g,Azh) + d(Ash,Asg) "d(A19,Azh) + d(A19,A4Q)
d(A;9,A40).d(Azh,A,g)  d(Azh,Azh).d(Aszh, A4Q)
d(Ash, Azh) + d(Ash, Asg) "d(A;g,Ash) + d(A.g,Aszh)
W (max d(A10,A49).d(Azh, Ash)
d(A19,Ash) + d(Ash,A9)’

d(A19,Ash).d(Azh,A9)  d(A19,Ash).d(Axh, A,Q)
d(A19,Azh) +d(Azh, Ag) "d(A10,Ash) +d(A.0,A40)°

d(A1g,A4g).d(Ash,Ayg)  d(A;h,Agh).d(Azh,A,g)
d(A;h,Ash) + d(Azh,Aug) "d(A g, Ayh) + d(A g Ash)
+ €
Letting € —» 0 in eq. (3.8), we get

Su
d(A,0,Ach) = °CeIAG() — A0
(3.9)

< i dA19,A49). d(Azh, Agh)
< maxif ,

d(A19,Ash) + d(Azh, A,0)
d(A19,Ash).d(Azh,A9)  d(A19,Ash).d(Axh, A,Q)
d(A19,Azh) + d(Agh, A,Q) "d(A19,Ash) + d(A.0,A49)°
d(A19,A49).d(Ash,A,9)  d(Azh, Ash).d(Ash, A,Q)
A0ALN, Agh) + d(Ash, A,g) ' dCALG, Agh) + d(Agg, Ash)
W (max d(A10,A49). d(Azh, Agh)

“d(A19,Ash) +d(Ash,AsQ)’

d(A19,Ash).d(Azh,A9)  d(Aq9,Ash).d(Azh, ALQ)
d(A19,Azh) + d(Agh, A,9) "d(A19,Ash) + d(A.0,A40)°

d(A10,A40).d(Azh,A4g)  d(Azh, Ash).d(Azh, A4Q)
d(Ash, Azh) + d(Ash,A,0) "d(Ai0,Ash) + d(A10,Azh)
From (e) and eq. (39) we conclude that

A, Ay, Azand A, have a unique common fixed
point v € B(S), and v(X) is a unique common
solution of the system of functional equation (3.1).

This completes the proof.
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